We consider eigenmodes of a ring resonator made of a circular dielectric waveguide. Taking into account the polarization corrections, which are responsible for the interaction of polarization and orbital properties of electromagnetic waves (spin-orbit interaction of photons), results in fine splitting of the levels of scalar approximation. The basic features of this fine structure of the levels are similar to that of electron levels in an atom. Namely: (1) sublevels of the fine structure are defined by an additional quantum number: product of helicity of the wave and its orbital moment; (2) for a waveguide with a parabolic profile of the refractive index each level of the scalar approximation splits into N sublevels (N is the principal quantum number), while for any other profile it splits into 2 sublevels; (3) each level of the fine structure remains twice degenerated due to local axial symmetry of the waveguide. Numerical estimations show that the described fine splitting of levels may be observed in optic-fiber ring resonators. Ó 2005 Published by Elsevier B.V.
Introduction
Spin-orbit interaction (SOI) phenomenon is well-known from the relativistic theory of particles with a spin [1] . Also known is the SOI of nonrelativistic electrons in solid lattices (see [2] and references therein). First of all this phenomenon leads to the fine splitting of energy levels of the particle; in particular, it determines the fine structure of the electron levels in an atom [1] . Besides, SOI results in the transport effects as well. In this way, a particle freely propagating in an external field experiences action of an additional forces connected with the SOI. Recently, it was revealed that in some cases such forces have a topological nature and determine the so-called topological spin transport of particles (see, for instance, [3] and references therein).
SOI is well investigated for massive particles. However, for a long time nothing was known about SOI of massless particles with a spin -for instance, photons. Meanwhile, the photons are rather convenient objects for studying spin properties, since they are nothing else than the polarization effects for classical electromagnetic waves (see an example of a Berry phase that for the first time was predicted and observed for electromagnetic waves [4] ).
The concept of the ''spin-orbit interaction of photons'' was for the first time proposed by Liberman and ZelÕdovich in 1992 in the paper [5] (see also [6] ). There the so-called optical Magnus effect was described (it was discovered by ZelÕdovich et al. [7] shortly before this). The essence of the effect consists in the dependence of an electromagnetic wave (photon) trajectory on its polarization (a spin state or helicity) in locally isotropic inhomogeneous medium. This transport effect can be considered as a correction to classical SnellÕs law, according to which the refraction of an electromagnetic wave depends on its polarization [8] (see also [6] and references therein). Papers [5] [6] [7] have pointed out the close connection of the optical Magnus effect, Berry phase, and SOI of photons. Recent papers [9] [10] [11] [12] [13] show that all these phenomena can be described by a single Berry gauge field in the momentum space and that the optical Magnus effect represents the topological spin transport of photons. At the same time, it was shown in papers [12, 14, 15] that SOI of electrons is a manifestation of the Berry gauge field in the momentum space as well. The latter fact determines the complete analogy between SOI of photons and electrons.
Note that in all mentioned works SOI of photons manifests itself as a transport effect for freely propagating particles, but the possibility of fine splitting of energy levels was not mentioned anywhere (the reason, probably, is in the difficulty of the localization of a helical state of a photon). In the present work, we for the first time give an example of the fine splitting of levels due to SOI of photons. For this, we consider a ring dielectric resonator made of a circular multimode waveguide (exactly in such open waveguide the SOI of photons (optical Magnus effect) have been discovered for the first time in [7] ). The main idea of the present paper is as follows.
Characteristics of the eigenmodes of a dielectric waveguide are practically polarization-independent, that is in the zero approximation the polarization degeneration takes place. Inhomogeneity of a refraction index profile in the waveguide leads to small polarization corrections, which are connected to the polarization and profile inhomogeneity [16] . The corrections describe SOI of photons and establish the dependence of the mode propagation constant on the polarization. Thus, they remove the polarization degeneracy. In the case of an open circular waveguide, these corrections result in azimuthal rotation of a speckle pattern depending on the polarization of radiation, this is transport optical Magnus effect [7] . If one closes the waveguide and make in this way a ring resonator with discrete values of the propagation constant, than obviously taking the polarization corrections into account will lead to fine splitting of levels. Below, we will show that the main features of the fine structure of levels turn out to be quite similar to that of electron levels in an atom.
Basic equations
We will examine eigenmodes of a circular dielectric waveguide (fiber). Let us present the electric field of the modes as
where k i is the propagation constant of a given mode along the fiber, x is the frequency, axis z is directed along the waveguide axis, and e depends on the transverse coordinates only owing to the separation of variables in the medium with cylindrical symmetry. In paraxial approximation, it is possible to consider vector e as practically transverse (orthogonal to z-axis). Then Maxwell equations for field (1) can be reduced to the form [16] 
Here, $^is the gradient in the plane of cross-section of the waveguide (i.e., transverse gradient), n = n(q) is the refraction index (q is the transverse radial coordinate in local cylindrical system of a fiber), and k
, where k 0 = x/c is the wave number in vacuum. It can be seen that the term in the right-hand side of Eq. (2) is of the form ofÂrn, whereÂðpÞ is Berry gauge potential in the momentum space (p µ $ is the momentum operator) [9] [10] [11] [12] [13] [14] [15] . As it is shown in [12, 14, 15] for electrons this term is nothing but SOI one.
In paraxial approximation, the influence of the right-hand part of Eq. (2) is small (even for waveguides with a step index) and it may be considered as perturbation [16] . Then in zero approximation equation (2) looks as a scalar wave equation. It means that field characteristics of the modes do not depend in any way on its polarization (a spin state), thus, polarizing degeneration takes place. The correction in the right-hand side of Eq. (2) depends on wave polarization, and taking it into account removes the polarization degeneracy of the modes. In fact, the right-hand part of Eq. (2) describes SOI of an electromagnetic field (photons): it represents a combination of polarization and orbital characteristics of the field (compare with [6, [8] [9] [10] [11] [12] [13] ).
Taking the right-hand side of Eq. (2) into account within the framework of the perturbation theory leads to dependence of the propagation constant of the mode on its polarization. It appears in the form of addition to k i [16] 
Here, integrals are taken over the cross-section of the waveguide, the asterisk stands for complex conjugation and k = n 0 k 0 is the wave number at waveguide axis (n 0 " n(0)).
As independent modes of a circular waveguide, the modes with right-hand and left-hand circular polarizations can be chosen. They correspond to the photon states with helicity r = ±1 [1] 
Here, e x and e y are basis vectors of the corresponding Cartesian coordinate frame, while q and u are coordinates in the cylindrical coordinate frame associated with the circular waveguide, F l,jmj (q) is the real radial function, l = 1, 2,. . . is the radial quantum number, and m = 0, ±2, ±3, ±4, . . . is the orbital quantum number (the orbital moment).
Modes with m = ±1 cannot be presented in the form of Eq. (4) [6, 16] and we do not consider them further.
Levels of the ring resonator in scalar approximation
Let us consider a dielectric ring resonator, which constitutes a multimode circular waveguide (optical fiber, for instance) convoluted in a ring. The radius of the ring, R, is supposed to be much larger than the radius of the waveguide, r
this allows one to not take into account the bend of the fiber at the local analysis of modes. Owing to this, it is possible to think that eigenmodes of the resonator locally represent propagating modes of a straight circular waveguide with the additional condition of quantization being imposed. For simplicity of analytical calculations, we assume that the fiber has a parabolic profile of the square of refractive index
Here
is the dimensionless parameter of height of the profile and condition (7) allows one to use paraxial approximation. Note also that a multimodeness condition of such fiber is
The characteristic equation for propagating modes in the fiber under consideration in the scalar approximation (i.e., without taking into account polarization corrections (3)) has the form [16] 
In an open waveguide k has a continuous spectrum of values. In a ring resonator, it is necessary to take into account the cyclic boundary conditions, which result in quantization of k i and k. Indeed, by assuming that integer number of the wavelengths 2p/k i amount to the total length of the ring, 2pR, we obtain
where q = 1, 2,. . . is the integer quantum number associated with the orbital quantization under motion along the ring. Note that multimodeness of the waveguide and paraxial approximation imply big values of q
By substituting Eq. (10) in Eq. (9) we obtain the equation for k
By solving Eq. (12) with respect to k, we have
This equation determines the structure of levels of the ring resonator without taking into account polarization corrections, i.e., spin-orbit interaction. Note that radial and azimuthal quantum numbers of the fiber are included into this expression only in combination 2l + jmj À 1. This allows one to introduce a single quantum number instead of them (analogue of the principal quantum number in atoms):
It is worth noticing that the introduction of the principal quantum number N is possible only in the case of the parabolic profile of the refractive index (6) . Taking into account the twofold polarization degeneracy, one can see that it determines a 2N-fold degeneracy of each level. Indeed, exactly N combinations of different l and m correspond to any given number N. In the general case of a non-parabolic refractive indexÕs profile, the levels are determined by quantum numbers l, jmj, q, and when jmj > 1 they are 4-fold degenerated (the polarization degeneracy and degeneracy of levels with opposite signs of m) [16] .
Let us determine characteristic intervals between levels of the ring resonator as
Conditions of the paraxial approximation and multimodeness, Eqs. (7) and (8), give in application to Eq. (14) the following condition (we assume DN ( 1):
In the first approximation with respect to small parameter (16) we approximately have from Eqs. (13)- (15) 
Hence, the spectrum of the resonator is approximately equidistant. Depending upon the value of the characteristic parameter R ffiffiffi ffi
k can be realized (owing to Eq. (11) this parameter may be very different from the parameter (16)).
Polarization splitting and fine structure of levels
In the case of a parabolic refractive index profile that we are considering, the radial functions of modes (4) (8)). By substituting modes Eq. (4) with Eq. (18) in expression (3) it is possible to derive [16] 
Here a dependence on a new quantum number rm, that is the product of the helicity and the orbital moment, has appeared. This number characterizes the spin-orbit interaction. Taking into account the polarization correction (19) , we see that electric field of the modes, Eqs. (1) and (4), takes the form
Thus, we have found the structure of modes that takes into account the polarization corrections for an open waveguide. Let us now turn to the ring resonator. Obviously the condition of quantization (resonance condition) Eq. (10) for a field (20) takes the form
By substituting Eq. (21) into the characteristic Eq. (9) we obtain instead of Eq. (12)
It follows from here that taking into account the polarization correction (18) results in splitting of levels Eqs. (13) and (14) . Let us denote the shift of a level from its old value (14) as e:k N ;q;rm ¼ k N ;q þ e q;rm . Then in the first approximation with respect to dk il,jmj,rm we find from Eq. (22)
where we have used Eqs. (7) and (8) . Substitution of correction (19) and solutions (17) into Eq. (23) yields
(To obtain expressions for the resonatorÕs eigenfrequencies and their shifts, obviously, one should just multiply corresponding values (13)- (15), (23), (24) by c/n 0 .) For splitting to be considered as a fine one the following conditions have to be satisfied:
First of them is satisfied automatically (see Eqs. (16) and (17)), whereas the second one requires the smallness of the parameter
Expression (24) is the central result of this paper; this is the equation that determines the splitting and the fine structure of levels of the ring resonator under consideration. One can see from Eq. (24) that levels with jmj > 1 deviate in the opposite directions depending on the sign of rm. (It is worth noticing that the empirical Hamiltonian of photon SOI in [5] , as well as the Hamiltonian of SOI for a massive particle in a central-symmetric field [1] , is also proportional to the scalar product of the spin and the orbital moment.) Since levels of the resonator in zero approximation Eq. (14) are characterized by quantum numbers N and q only, than, as it was mentioned above, N combinations with various l and m correspond to each scalar-approximation level, Eq. (14) . Hence, it follows from Eq. (24) that each level will be split into a multiplet of N sublevels.
As was mentioned in Section 3, such situation takes place solely for parabolic profile of the waveguideÕs refractive index. In the general case every level of the scalar approximation with jmj > 1 is 4-fold degenerated and spin-orbit interaction splits it into 2 sublevels. The shift of the levels depends in this case on quantum numbers l and jmj too: e = e l,jmj,q,rm . Specific calculations for the levels splitting in the case of another, e.g., step-like, profile can be made by following the general scheme of the present paper and by using characteristic equations and polarization corrections listed in [16] .
Note also that SOI correction (24) does not remove polarization degeneracy of levels completely: simultaneous change of the sign of the helicity and the orbital moment does not change a level. Thus each level remains twice degenerate. This double degeneracy is a consequence of local axial symmetry of the waveguide [17] . Indeed, instead of complex modes (4) e l,m,r and e l;Àm;Àr ¼ e Ã l;m;r that correspond to the same levels of the resonator it is possible to use their superpositions (see [16] 
Modes e (1) and e (2) depend (excluding l) only on the product of the helicity and the orbital moment, rm, and differ from each other (at jmj > 1) by a rotation with respect to the waveguide axis (see Fig. 1 ).
Finally, let us adduce numerical estimations for possible fine splitting of levels in the ring resonator made of multimode optical fiber. Let us take the characteristic parameters D $ 10 À2 , k $ 10 7 m À1 , r $ 10 À4 m, R $ 1 m. With these numbers we have q $ 10 7 , Eq. (11). By substituting these values in Eqs. (17) and (24), we obtain typical intervals between the levels of the resonator
where d (rm) k = DR/qr 2 is the interval between two adjacent levels of the fine structure Eq. (24). Eq. (28) shows that at the chosen values of parameters the characteristic interval of the fine structure is only one order less than the interval between adjacent zero-approximation levels of the resonator.
Conclusion
In conclusion, we have considered the influence of the spin-orbit interaction (SOI) on the structure of levels of a ring dielectric resonator. Examples of SOI of photons that were analyzed before produced additional transport effects only [5] [6] [7] [8] [9] [10] [11] [12] [13] . The possibility of splitting and formation of a fine structure of levels of the localized photon states is for the first time described in the present paper. It is quite similar to how it takes place for electrons in atoms. The main result is that taking into account the polarization corrections, which are responsible for SOI, results in partial removal of the degeneration and splitting of each level of the scalar approximation into a multiplet of equidistant sublevels (N in the case of a parabolic profile of the waveguide index and 2 in other cases). Each sublevel is determined by an additional quantum number rm, which is a product of the helicity and the orbital moment of the mode. Besides, each sublevel remains twice degenerated due to local axial symmetry of the waveguide. Thus, a close analogy with the spin-orbit interaction and the fine structure of electron levels in atoms [1] takes place. The numerical estimations given above for an optical fiber shows that the characteristic interval of the fine structure of levels makes 10 À1 ‚ 10
À4
characteristic intervals between levels in scalar approximation. This allows one to expect that the phenomenon can be observed experimentally.
It may have an effect on the performance of resonant ring interferometers made of a multimode fiber [18] . In addition, splitting of the levels at the presence of rotation or additional Faraday elements in a circuit may cause interesting structures similar to driving quantum multilevel systems [19] .
